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Qutline

Part I. Variational formulation

There are two ways in description of fluid flows:
Lagrangian description and FEulerian description.

e Variational formualtions and Lagrangian functionals are reconsidered from
the viewpoint of guage theory
(expressed in a form independent of any particular coordinate system).

e Transformation between the two spaces are examined, and its uniqueness
is considered.

e Importance of vorticity equation is emphasized in this regard.

Part II. Fluid Maxwell Equations

There is analogy between the equations of
Fluid mechanics and Electromagnetism.

e Defining two vector fields analogous to the electric and magnetic fields, fluid
Maxwell equations are proposed.

Vorticity corresponds to the magnetic field.
Equation of sound wave is derived. Hence, the sound wave is analogous to
the Electromagnetic wave.
e Forces acting on a test particle moving in a flow field are expressed with
the same form as of the electromagnetism.
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Part I. Variational formulation

1. Definitions

(a) Two descriptions
e Lagrangian particle coordinates:

a = (a'd? a® = (a,b,c), time: 7=t=ad’,
a' = (1,a',a? a?), w=20,1,2,3
d*a = dadbde
e Eulerian physical space coordinates:
x = (1, 2%, 2%) = (2,9, 2), time : ¢
volume element : dBxr = dadydz

Each particle is identified by a = (a,b,c). Its position is expressed with

X =X(r,a) = (X', X%, X% = (X,Y, 2), a=X(0,a)

Mass density pU
dm = d®a = p(t,z) d3x,
From dm = dadbdec = pdX dY dZ,

1 _o(XM) (XY X2, X3 9(X,Y,Z) ,
P=7 /= o(a) — 0(a',a%,a®)  O(a,b,c) (Jacobian)

(b) Ideal Fluid
The mass dm of a fluid particle is invariant during its motion:
O-(dm) =0, 0- =0/0r, for fixed a.

There is no dissipation of kinetic energy. Therefore,
= no heat generation, = no entropy change:

0rs=0, (Definition of an ideal fluid). = s = s(a) = s(a,b,c).
(¢) Thermodynamic relations: Setting as s = 0 (vanishing variation),
1
0e = (de)s = % op, dh = (6h)s = —0p, (+)s denotes variation with s fixed.
p p
p i pressure
e, h(=e+p/p) : internal energy, enthalpy, (per unit mass).

For small changes of dp (density) and ds (entropy):
Se = (p/p®)dp + Tds, dh = (1/p)op + T'ds.



2. Lagrangian description

(a) Lagrangian functional £ is defined by

L = / AX), XF) dPa

A(Xﬁ,Xk) = % Xfo—G(p,S), (1)
(kinetic energy) — (internal energy)

: internal energy.

Xf: k-component velocity, €:
T2 T2
Action : I:/ Ldr = / dr [ A(XE, XxF) d*a, (2)
T1 T Maq
Lagrangian density
A= AXGXF) = § XGXG - e(XF, XD, (3)
k_ k
X, = 0X"/0a".
Variation :
OA OA
A = o 0XF 4 T 5XF
axFo T axEO e
oA 0 ¢ OA a / OA
- (G- o (o)
% 8a”<8Xl’j)}5 " dan \oxt° (4)
T2
51:/ 6A d*a =0, d*a = dr d®a.
T1 Mg
(b) Euler-Lagrange equation
d /1 OA oA
— =) — == = k=1,2,3; =0,---,3.
5 (o)~ aF = 2% w=0-.3 ®)
Noether’s theorem[]
0 .
aau H =0
T, = X,’j (;—)?5) — A4, (Energy-momentum tensor)
0 . vk OA ON 7
ar T = X1 0. (5p) ~ 5r) =0

Eckart (1960), Kambe (2008)



(i) Energy equation ( yu = 0):

d(X,Y, 7) d(X,Y, 7) d(X,Y, 7)
o H 8[%] 3[%] 3[7]:0
L TC s I ] CTraeswn o el L Tomres)
where H = 1 v? + €.
(7i) Equation of motion (u # 0):
O Vo + 0, F =0, (for @ = a,b,c),
Vo = X X, +Y. Y+ ZoZ-, F=-1v"+h.
(X;, Y:, Z:) : x-space velocity
Vo ¢ Velocity transformed to the a-space.
From (7), the equation for the acceleration A, is
Aa(E XoXrr + Yo Yrr + ZaZTT) = —0uh, (a =a,b, C)

This is the Lagrange’s form of the equation of motion.

Multiplying da/dx and summing, we obtain

1 Oa Op
XTT__; z P, 8xp_8_:c8_a

Euler’s equation of motion.



3. Transformation between (a,b,c¢) and (X,Y, 7)

e a-space acceleration,

Aa = XoXor + Yo Yorr + Z0Zir = €4 -A,

Middle side is a form of an inner product of A and e, (o =a,b,c):
x-space acceleration A= (Xrr, Yor, Z71),

Direction vector of the a-axis : eq = (Xa, Yo, Za).

The inner product is invariant with respect to rotation of
the frame axes (x,y, z) in the x-space.

e a-space velocity:
Vo=XoXs + Y Yo+ 2.2, =€, -V,
is also an inner product, where two vectors are e, and
x-space velocity V=(X;Y Z).
e Transformation between (Aa, Ab, Ac) and (AX,AY,AZ) is given by

AX = X,Aa+ X Ab+ X, Ac,
AY = Y,Aa+Y,Ab+Y.Ac,
AZ = Z,Aa+ ZyAb+ Z. Ac.
There are nine undetermined coefficients: X, X, X., ---, etc. .

But we have six relations of A, and V,, not sufficient .
Additional transformation of vorticity must be considered,
in order to fix this freedom for uniqueness. Kambe (2008).

4. Improved Lagrangians

We have three invariances:

d-(d%a) =0, drs =0, 0: Q= 0.
Last one 0; 2, = 0 is obtained from invariance of £ with respect to particle exchange,
where Q,=V,xV, : vorticity in the a-space,
Vo= Ve, Vp,Ve) : velocity in the a-space.

We can define the following improved Lagrangian (Kambe 2008):
LY = L-0, /¢d3a—8 /swda—a / (Ag, Q)

= a—/ 6T¢d3a—/ 887¢da—/ (0-A,, Q) d3a.
M M M



The action integral is unchanged by added Lagrangians:

T2
I—/ E*dT—/EdT.
™

The Euler-Lagrange equation is unchanged.

However, these play non-trivial role in the Eulerian space.

Particle permutation causes no change,
since material particles are assumed to be uniform. O

Hence, there is arbitrariness in the definition of (a, b, c).

The last term [(0; A, Q,)d*a is analogous to the Chern-Simons term in the
Gauge Theory (where 0, A, is assumed to be a function of a only).

5. Eulerian description

(a) Independent variables are (t,z,y, 2).
Time derivative 8. is replaced by D; = 9, + 0", = 9, + v - V,
Mass element d®a  is replaced by pd’z,
Velocity 0;X is replaced by v = (u,v,w) = Dyx.
(b) Lagrangian in the Eulerian space
L = L-— / Do pdix —/ sDup pdPx — af/ (A,, Q) d%a.
M M M

The last integral can be given another equivalent forms:

—GT/ (A, Q,)d%a = —/ (Lo A, w*) Bz = / (A, Ly w*)d®x + Intg
M M M

The derivative 9, is equivalent to the Lie derivative L,
which is represented as follows:

Scalar ® : 0,® =Ly ®=D;® = 09,® +v- Vo,
Dtak =0,
Cotangent vector A; : 0;A, = Ly Ay = 0t Ay + (v- V) A + A; 00"
=0 A+V(v-A)—vx(VxA),

Axial vector w* : O,w* = Ly w* = Ow* + V x (w* x v) +v(V - w*).



The action integral is represented as
T2
I :/ L*dr = /A(u,p,s,gz),w,A) dlz, d'z = dt d3x.
T1
where the Lagrangian density A (excluding surface terms) is defined by

A[Uap7sa¢u¢aA] = %P<'Ua'v>_pE(PaS)_PDt¢_P5Dt¢+<Aa Zaq—w>'

The action principle is §I1=[6A(v,p,s,¢,9,A) d'z=0.

In order to derive the Euler-Lagrange equation, we consider infinitesimal transformation:
r - 2=+,
dr — &z =1+ oh)d’x,

Variations :
A(dPz) = opetdie,
Ap - -p 8k£k7 Av =Dy, As=0
OA OA OA
Al = o | == Av+ — Ap+ — As + A 9peF |.
/dx[av v—i—ap p—i—as s+ 8k£]

Substituting the expressions for Ap, Av, As and A(d>z),
and requiring AT vanish for arbitrary variation £*, we obtain the
Euler-Lagrange equation:

0 0N\ 9 oM 0 OA

a(m)ﬁ-@(v 8vk)+@( —pa—p)zo. (10)

The Euler-Lagrange equation reduces to the momentum conservation:
O (pv) + V- pro+Vp=0. (11)

This becomes the Euler’s equation of motion by (13):
1
v+ (v-V)v= —;Vp. (12)

From the invariance of I with respect to the variations of ¢, v and A,

Agp : Oop+V-(pv)=0 (Continuity eq.), (13)
Ay o O(ps)+ V- (psv) =0 (Entropy eq.),
AA : Qw+VX(wxwv)=0 (Vorticity eq.).

The energy equation (6) can be transformed to the following equation of energy conserva-
tion:

O [p(3 v* +€)] + O [pvk (v +h)| =0. (14)



Transformation between a and z(a)

e Transformation from the a space to the x space is determined
by nine components of the matrix dz*/da'.

e Remaining three conditions are given by the following two-form equation 2
connecting w in the a-space and €2, in the a-space:

02 = QudbAde+ QdeAda+ Q.daAdb
= wydyANdz +wy,dz Adx +w, dz Ady,

where Q, =V, x V= (Qq, O, Q) is the vorticity in the a-space, and w = V xv =
(Wg,wy,w;) is the vorticity in the a-space.
For example, €, is given by

Qo = we (OpY Ocz — Ocy Op2) + wy (Opz Oct — 0cz2 Op) + W, (Op Oy — O OpYy ),
with € and €. being determined cyclically.

e Transformation relations of the three vectors v, A and w suffice to determine the
nine matrix elements dz*/da' locally.
* Thus, the transformation between the Lagrangian space and Eulerian space is
determined uniquely.

* In this sense, the equation of vorticity is essential for the uniqueness of the
transformation between both spaces.



Part II. Fluid Maxwell Equations

1. Analogy of equations[]
Fluid mechanics and Electromagnetism

2. Fluid Maxwell equations
3. Equation of sound wave

4. Equation of motion of a test particle
Colioros force < Lorentz force.

5. Uniqueness

1. Analogy of equations of both systems
(a) Fluid mechanics
1
Euler’s equation of motion : O+ (v-V)v = —;Vp =—-Vh.

Continuity equation : p+ (v-V)p+pV-v=0.

Fluid entropy s is assumed to be uniform:

Then the enthalpy h (= €+ p/p) becomes h = h(p) for uniform s:

%Vp = Vh, since dh= %dp—i— Tds = %dp(,o), (ds = 0),
dp = (p/a®)dh, since dp= (8p/8p)szconst dp = a®dp,
a=/(0p/dp)s = \/p/p : sound speed,
dip = (p/a*)dih, Vp = (p/a*)Vh.
v+ (v-Vv+Vh = 0, (15)
dh+v-Vh+ad’V-v = 0, (16)
Ow+Vx(wxv) = 0 (Vorticity equation). (17)




Linearization:

(Continuity eq.) (Eq.of motion)
Oth + a2 dive = 0, Ow+Vh=0,
(02 — a2V?) (h, v) =0, Oth + ap div (agv) = 0.
(b) Electromagnetism
V x B 4 ,H" =0, V. H™ =0,
vaem_aTEem:J, VEem:q

E°™: electric field,  H®™: magnetic field, 7 =ct (c: light speed),

The equations in vacuum are satisfied by E°™ and H®" defined in terms of a
vector potential A and a scalar potential ¢(®):

E™=_0,A—Vp", H™ =V x A,

(02 — V2 (¢, A) =0, 9,0© + cdivA = 0.

There is analogy in the wave property.

10



2. Fluid Maxwell Equations

Definition: E=—-0w—Vh, H =V xwv, (18)
(A) V-H=0, (B) VxE+08H =0,
(C) V-E=q, (D) alVxH-E=1J.
q=V-[(v-V)v], J = 0?0 + Voh+ alV x (V x v).

e From 0,(C) 4 div(D), we have the charge conservation:
Orq + divd = 0.
From the equation (15), we obtain
E(=-0w—-Vh) =(@-V)v =wxv+ V(2. (19)
Therefore, the charge density q is given by ¢ =V - E = div[(v . V)U].
Equation of motion is
ov+wxv+V(Ee2+h)=0. (15)
(A) is deduced from the definition of H =V x v.
(B) is just curl [Eq.(14)]. (= Vorticity equation).
(C) is just div [Eq.(18)].
(D) is what ?

e Eq.(D) can be derived from the continuity equation:
oth+ (v-V)h +a’V v =0.
Applying 0; to E = —0;v — V h, and substituting the above,
—HE — 9v = Voh = —v(a2v vt (v V)h).
This can be rewritten in the form of Eq.(D):
alV x H—-E =J,

where J=0lv+aiV x (Vxv)—V(a*V-v) = V((v-V)h).
Using the identity,
V(V-v) =V x (V xv) + Vv,
the vector J can be rewritten as
J = (07 — a*V*)v + (ad — a*)V x (V x v) — (V- v)Va® -~ V(v-Vh).

11



3. Equation of Sound Wave

Sound wave is analogous to the Electromagnetic wave
Assume that a flow is generated in a uniform state at rest,
where the pressure is pg, density pg and enthalpy hg.

Differentiating Eq.(D) with respect to ¢, and eliminating 9,H by (B), we obtain 92E +
agV x (V x E) = —9J. This reduces to
grad[(ao—? 8,2-V)h — V-E- 6tQ] —0, (20)
V-E = div(wxv)+ V12
Q = (1-(alap)*)V-v—a;?(v-V)h.
Integrating (20), we obtain the following wave equation:

(29,2 =V)h = S(x,t), S=V-E+Q,

where S(x,t) is a source term of the wave.

e Since V- E = div(w x v) + V21 v?, motion of w can generate waves.
= Vortex sound. 0 [

e The second term 9,Q is O(M?).
= Namely, higher order if Mach number M = |v|/qg is small.

4. Equation of motion of a Test Particle in a flow field

This is another example of analogy.
Suppose that a test particle of mass m is placed in a flow field v(x,t),
which is unsteady, rotational and compressible.

e The particle is assumed to be sufficiently small, so that its influence is regarded as per-

turbation and the background velocity field is v(x,t) is independent of the position
and velocity of the particle.

12



e Equation of motion of the particle can be written in the form:

d
dt

P; = mu; + mgpuy,

E=—-0v—Vh, H =V xw.

—P=mE+muxH—-mVa¢,, P =(P).

x P;: Total additional momentum due to the particle existence.

« u = (u;): Particle velocity relative to the fluid velocity v.

* My Induced mass tensor of the particle.

* Tmpusug: Induced kinetic energy due to the particle.

Particle position is expressed by x,(t) = &(t) + X ().

Total particle velocity is w + v, where

u(t) = dg/dt,

v(t, x,(t)) = dX /dt.

e The equation (E) can be derived from the following Lagrangian(]

L(t,&u)=2m(u —I—v)2 + I mjpujup —mo,

where m¢ is a force potential. Lagrange’s equation is

0
it (5¢)

3_L
o0&’

where

From this, we obtain the equation (E):

d
—t:3t+U'v.

d

= —mow+mu x (V xv)—mVe.

d d
E(muz‘) + E(mikukz)
Py = mu; + mgpuy,
Rewriting,
d
S P-—mE
qt o

mVeo =maoy +mh,

(m/a)u x aH —mV¢,.

e The equation of motion of a charged particle in an electromagnetic field is

d
dt

—(mwy) = e E™" 4 (e/c) v, x H*™ —mV®y.

v, : velocity of a charged particle, c: the light velocity.

H™ & o H.

e Equivalence of both expressions reconfirms validity of the definitions

E = —8t’U—Vh,

H =V xw.

13
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5. Uniqueness

We consider here whether the original system of fluid equations (15), (16) and (17) are
recovered from the modified fluid Maxwell equations:

(A) V-H=0, (B) V x (wxv)+dH=0,
(C) V-E=gq, (D) alVxH-0,E=1J.
q=V-[(v-V)v],
J =0} —V[v-Vh+ad*V-v] +afV x (V x v).
modified : V x E isreplaced by V x (w x v).
v+ (w-V)v+Vh =0, (14)
Oh+v-Vh+d’V.-v =0, (15)
dw+V x (wxv) =0. (16)

Starting assumption is that the forces acting on a test particle of mass m in flow field are
represented in the same form as those of electromagnetism:

dP/dt = mE + mu x H —mV¢,. (23)

We use this as a guiding principle. Comparing this with the equation (22) derived from
the Lagrangian (21), we obtain the following definition of E and H:

E=-0v—Vh, H=Vxwv. (24)
So that, Eq.(B) is equivalent to the vorticity equation.

e By the definition H = V x v, Eq.(A) is satisfied identically, and Eq.(B) is the vorticity
equation (17) .

e Next is to consider the remaining equations (C) and (D), and try to deduce (15) and
(16).

Let us consider Eq.(D), from which we try to derive the equation (16) under the condition
of no mass source.
In fact, substituting the expressions of £, H, and J,

v+ Voh + alV x (Vxv) =
O*v — V[v-Vh+a?V -v] +alV x (V x v).
From this, we obtain V(@th +v-Vh+a®V - v) = 0. Therefore,
Oth+v-Vh+a®’V-v=C(t) (afunction of time ¢ only).

14



The term C(t) must vanish in the absence of mass source. Namely, if C(t) # 0, there is a
mass source of term (p/a?)C. Thus, C(t) = 0, and the equation (16) is recovered:

h+v-Vh+a’V-v=0.

Next, we consider Eq.(C). Substituting ¢ = div[(v - V)v] and integrating it, we obtain

E=(v-V)v+V xE¢, ¢ : arbitrary vector field.

By using the definition of E, this reduces to
v+ (v-V)v+Vh=-Vx¢
Using the identity (v - V)v = w x v + V(3 v?), this is rewritten as
ov+wxv+V(h+1vP)=-Vx¢&
On the other hand, Eq.(B) leads to

Ov+w xv=—-V,  : arbitrary scalar field.

Comparing (B*) with (C*), it is found that

E=(v-V)v, Vx¢g=0, o =h+ 102

Thus, we obtain the Euler’s equation (15):
ow+ (v-V)v+Vh=0.
Thus, the fluid equations,

v+ (v-Vv+Vh = 0,
Oh+v-Vh+d’V-v = 0,
Ow+V x (wxv) =

are recovered from modified Maxwell equations:

(A) V-H=0, (B) VX (wxwv)+dH=0,
(C) V-E=gq, (D) alV xH-0,E=1J.
q=V-[(v-V)v], J= 0+Voh+alV x(Vxwv).

————————————————————————————————————————————————————————————————————————————

i by the definition |EF=—-0,v—Vh, H =V xv|, and isentropy.

____________________________________________________________________________

T. Kambe (2010): ” Geometrical Theory of Dynamical Systems and Fluid Flows”,

(revised ed., World Scientific, Singapore) Chap.7.
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Summary

Part I:
e Lagrangian is defined by

L = /A(v7p757¢7¢aA) d3$,
A=4 p(v,v)—pe(p,s) — pDip — ps Dy + (A, Ly, w).

e FKuler-Lagrange equation and Noether’s theorem are given by

Momentum conservation : on (pv) +V.pvv+Vp=0.

Energy conservation: 0, [p(2 v* +€)] + O {pvk (L w2+ h)| =0.

Action principle with respect to the variations of ¢, ¥ and A:
op+V-(pv) =0 (Continuity eq.),
O(ps) +V - (psv) =0 (Entropy eq.),
Ow+V x (wxwv) =0 (Vorticity eq.).

e Transformation relations of the three vectors v, A and w suffice to determine the nine
matrix elements dx*/da! locally.

e Thus, the vorticity equation is essential for the uniqueness of the transformation be-
tween the Lagrangian and Eulerian spaces.

Part II:

e From the fluid equations,

v+ (v-V)v+Vh = 0,
Odh+v-Vh+d’V-v = 0,
Ow+V X (wxwv) =

fluid Maxwell equations are derived: ¢
(A) V-H=0, (B) VxE+0H =0,
(C) V-E=gq, (D) alV xH—E=J.
¢q=V-[(v-Vv], J= 0+Voh+alV x(Vxv).

16



e From this, equation of sound wave is derived. Hence, the sound wave is analogous to
the Electromagnetic wave. Dynamical motion of vorticity can generate sound waves.

e Forces acting on a test particle of mass m in a flow field are represented in the same
form as those of electromagnetism:

dP/dt = mE +mu x H —mV¢,.
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